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Biodiversity has long fascinated and puzzled biologistsl. In aquatic ecosystems,
the biodiversity puzzle is particularly troublesome, and known as the ‘paradox of
the plankton’2. Competition theory predicts that, at equilibrium, the number of
coexisting species cannot exceed the number of limiting $resources^{3-6}$ . For phyto-
plankton in lakes and oceans, the limiting nutrient resources for phytoplankton are
known to be less than three kinds: phosphorus or nitrogen7. In such ecosystems,
however, dozens of phytoplankton species $coexist^{2,7}$ .
We discuss a model based on the simplest case of well-known resource compe-
tition $modek^{6,8-11}$ that has been tested and verified extensively using competition
experiments with phytoplankton $species^{9,12-18}$ . Consider $n$ species and one resource.
Let $N_{i}$ denote the population abundance of species $i$ , and let $R$ denote the avail-
abihty of the resource. The dynamics of the species depend on the availability of
the resource and the crowding effect caused by their own population density. The
resource availability depends on the rate of resource supply and the amount of a
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resource consumed by the species. This gives the following model:
$\frac{dN_{i}}{dt}=N_{i}$
$(c_{i}(N_{1}, \cdots , N_{n})\mu_{i}(R)-d_{i})$ $i=1,2,$ $\cdots n$
$\frac{dR}{dt}=D(S-R)-\sum_{i=1}^{n}\gamma_{i}\mu_{i}(R)N_{i}$
(1)
Here, $c_{i}(N_{1}, \cdots N_{n})$ reflects the crowding effect on the specific growth or repro-
duction of species $i;\mu_{i}(R)$ is the specific growth rate of species $i$ as a function of
the resouroe availability; $d_{i}$ is the specific death rate of species $i;D$ is the system’s
turnover rate; $S$ is the supply concentration of the resource; and $\gamma_{i}$ is the content
of the resource in species $i$ . We assume that the specific growth rates follow the
Monod equation19, and are $determ\dot{i}$ed by $\mu_{i}(R)=(r_{i}R)/(K_{i}+R)$ , where $r_{1}$ is the
maximum specific growth rate of species $i$ and $K_{i}$ is the half-saturation constant for
the resource of species $i$ . For natural phytoplankton communities, crowding may
have a negative effect on their own growth or reproduction. It is natural to assume
that $c_{i}$ is a decreasing function in all arguments.
What happens if the crowding effect on the specific growth of species $i$ , re-
spectively, is limited to the case where $c_{i}(N_{1}, \cdots , N_{n})=f_{i}(N_{i})$ with $f_{1}(O)=1$?
Let
$\lambda_{i}=\frac{K_{\}\cdot d_{1}}{r_{i}-d_{i}}>0$
and assume $\lambda_{1}\leq\lambda_{2}\leq\cdots\leq\lambda_{n}$ without loss of generality. We have the foUowing:
Theorem 1. (1) has a unique stable intenor equilibrium if and only if $\lambda_{n}<S$ and
$R_{i-1}^{*}>\lambda;(i=2,3, \cdots n)$ hold, where $R_{i-1}^{*}$ represents the $R$ component of the
coordinates of an interior equilibmum for a subsystem $(R, N_{1}, \cdots N_{i-1})$
The proof needs an algebraic method for the existence and uniqueness of an
interior equihibrium, and uses the V-L stability theory for its stability24. $\wedge S(ri-d_{i})K\cdot d$
is the break-even concentration of species $i^{25}$ . We here call it as the crude break-
even concentration of species $i$ . $\lambda_{i}$ is then called the net break-even concentration
of species $i$ , which is its crude break-even concentration multiplied by the supply
concentration of the resource. The case $n=2$ , that is, the case where two species
and one resource are considered, implies permanence as wel as stabihity at a unique
interior equilibrium by constructing a Liapunov function.
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It is known that competition models with the crowding effect (or intraspecific
interference) on the growth of species enable the stable coexistenoe of many species
for homogeneous resources that reproduce by $themselves^{26-34}$ . What is new here is
that we found the mathematically ensured stable coexistence situation of an unlim-
ited number of species in a competition model even for a single nutrient resource (or
one abiotic resource). The model is based on the simplest case with the crowding
effect at the specific reproduction level. In general, the limiting nutrient resource to
phytoplankton species in lakes and oceans is phosphorus or $nitrogen^{7}$ ; at most two
limiting resources. Moreover, the non-equilibrium dynamics cannot lead the robust
coexistence of species even if oscillations and chaos in species abundances allow the
coexistence of many more species than limiting resourcesl2. Without the robust
coexistence of species, it may be hardly possible that natural phytoplankton com-
munities have survived against some environmental fluctuations. Our results state
that the robust coexistence occurs whenever each species has self-inhibitory (in its
reproduction) well-balanced to the resource. We conclude that the biodiversity of
plankton communities not only need be explained by external $factors^{12,14,21-23}$ and
come from the competition process itself on three or more nutrients12, but also could
be based on the crowding effect to their own growth at the specific reproduction
level. Once a plankton community has the well-balanced crowding effect to its own
population growth, the number of coexisting phytoplankton species can greatly ex-
ceed the number of limiting resources, even for a single limiting resource and even
in a constant and well-mixed environment.
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